We revisit the model of graphene as a π-conjugated macromolecule [1] and show that it allows to understand the origin and describe, in many cases explicitly, the electronic structure of graphene sheets, achiral graphene ribbons and carbon tubes of any size, and also graphene tori on the basis of the exact solution to the eigenvalue problem for the respective structures. The exact expressions of dispersion relations and detectable observables for these structures are compared with the predictions of other related models demonstrating that the revisited model either suggests the exact versions of widely used approximations or shows their limited applicability.
Introduction
In the tsunami wave of theoretical works on graphene dominated numerical calculations. Most of a comparatively small number of analytical studies in one way or another are based on the standard one-parameter tightbinding model of 2D-graphite launched by Philip R. Wallace in 1947 [2] . Since then, the heuristic power of this and related analytical descriptions of the electronic properties of graphene-based structures has been convincingly documented soon after discovery of carbon tubes [3] . Except graphene macromolecule model (GMM), all earlier suggested analytical models can be applied to one class of graphene structures but are inappropriate to another despite the latter is a close relative to the former. For this reason, it is difficult or impossible to compare the scattered over dozens of publications predictions, which have been made regarding closely related species such as pairs of relatives: armchair graphene ribbons -zigzag carbon tubes (aGR-zCT) and zigzag graphene ribbons -armchair carbon tubes (zGR-aCT). As an example, in an early breakthrough theoretical study [3] followed by tens if not hundreds of related publications, the electronic structures and their classification elaborated for aCT and zCT families of carbon tubes do not fit the related graphene ribbons which were studied with the use of approximate models [4] [5] [6] [7] [8] .
This limitation is not inherited by GMM sketched in Fig. 1 . It is relevant to a thinkable plane macromolecule oligoperylene[N × N ] [9] . It is just ( √ 3aN -long) oligoperylene if N =2. Otherwise, it is understood here as graphene macromolecule of the size √ 3aN in i direction, aN in j direction, where N and N are any integers. The advantages, as well as further applications of this model are concisely discussed in this Letter.
Basic Equations
As shown in [1, 10] , the full spectrum of π-electrons in the [N, N ] all-carbon honeycomb rectangular lattice framed by armchair and zigzag edges is described by a pair of equations
where the energies 0 ≤ E For an integer value of j = 2(N + 1)/3 ≡ j * , Eq. (1) simplifies to 
The only but not minor difficulty of the suggested description is that the classification of electronic states requires the knowledge of solutions to the transcendental equation (2) . The latter is not far-off relative of the Lennard-Jones equation [11] that refers to π-conjugated N -long polyenes and has N solutions. Equation (2) also has N solutions but for each value of j. These can be either real or imaginary solutions which correspond respectively to either extended or decaying (local) states. An immediate conclusion is that the parentage of the local states in rectangular graphene sheets, armchair ribbons and carbon tubes with zigzag-shaped termini, and zGRs is one and the same, namely, zigzag edges. The existence of the local zigzag edge states was observed for the first time in the output of ab initio calculations [12] .
Recent finding of highly accurate explicit expressions for solutions to Eq. (2) [13] removes the above mentioned difficulty almost completely. This result in combination with Eqs. (1) and (2) provides the fully analytical description of the π-electron spectrum and states in the rectangular fragment of graphene lattice. A particular example of such spectrum, which clarifies the interrelation between the eigenenergies E ± ν,j and ν, j quantum numbers is shown in Fig. 2 .
Equations (1) and (2) were derived with the Dirichlet or open boundary conditions. If instead we use the periodic boundary conditions (PBC), we obtain
where ν = 0, 1, . . . , N − 1, j = 0, 1, . . . , N − 1. Furthermore, the replacements of πν/N with √ 3k x /2 and πj/N with k y /2, 0 ≤ k x , k y ≤ 2π converts Eq. (4) into a counterpart to the Wallace equation describing the zone structure of 2D graphite,
Electronic Structure of Basic Graphene Derivatives Finite-Length Achiral Graphene Ribbons.-As such equations (1) and (2) Table I as Eqs. (T1) and (T2), respectively. Achiral Graphene Ribbons aGRs and zGRs.-In the limiting case N →∞, Eq. (1) gives the exact dispersion relation for the aGR family of graphene ribbons, Eq. (T3). In the limit N → ∞, Eqs. (1) and (2) give the exact dispersion relation for zGR family of graphene ribbons specified in Eqs. (T4a) and (T4b).
Achiral Carbon Tubes aCTs and zCTs.-The replacement of 2πj/N with k in Eq. (4) gives the exact dispersion relations for armchair carbon tubes in the form of Eq. (T1). The only difference from the aGTOR dispersion relation is that in the given case k j. Likewise, the replacement of 2πν/N by k in Eq. (4) leads to the exact dispersion relations for zigzag carbon tubes in the form of Eq. (T2). In the latter case, k i.
The dispersion relations for aGR and zGR determine the electron kinematics in the honeycomb lattice in twelve directions along zigzag and armchair pathways. The change of the direction by the angle of π/3 radians results in the change of the pathway character from zigzag-like to armchair-like or vise versa and hence, in the change of electron kinematics. The dispersion relations for achiral graphene ribbons and carbon tubes are closely interconnected. This relationship near the Fermi level and its manifestation in the conductance quantization has been examined in detail in [14] .
Discussion The comparison of aCT and zCT spectra shown in Figs. 3a and 3b with the results of pioneering paper [3] shows the point to point coincidence. Notice, the Saito et al. electronic portrait of aCT reproduced here is in a sharp controversy with the dispersion curves (or bands) shown in Fig. 9a [15] .
The aGTOR and zGTOR spectra as well as the aCT and zCT spectra differ from each other even qualitatively, Figs. 3a,b. This is not at all surprising in view of the substantial distinctions between the respective dispersion In contrast, the zGR spectrum in Fig. 3d has a lot in common with the aCT spectrum in Fig. 3a . The observed difference between the number of dispersion curves was expected. Disregarding the two-fold spin degeneracy, all the N ν = 10 bands in the zGR-spectrum are nondegenerate. But the respective (ν =0)-bands in the aCT-spectrum are two-fold degenerate. The same is true for the pair aGR-zCT. Obviously, the source of the π-electron states degeneracy in the aCT and zCT spectra is connected with PBC.
The similarity of dispersion curves in Figs. 3a and 3d breaks for the (ν=0)th mode. In Fig. 3a , E − 0 (k) = |1 − 2 cos(k/2)|, whereas in Fig. 3d , the behavior of
Under this condition, Eq. (T4b) has only one imaginary solution for each value of q. It can be shown that for N 10, the larger part of the zero-mode dispersion E − 0 (q) (which represents the edge-states dispersion) is governed by two exponential dependencies,
q approaches π/3. The crossover between the two is within the interval π/12 < q < π/6. With the increase of zGR width q c →2π/3 so that the energy of edge states E − 0 (k) becomes practically zero within the interval 2π/3 < k < π. Such a detailed quantitative analytic description of the really unique, exponential-like dispersion of zigzag-edge states has never been reported before.
However, the conclusion just made concerns only infinitely long zigzag graphene ribbons which do not exist 
b for zGTOR and zCT, the jth dispersion curve labeling according to Eq. (T2): in real world. The band gap definition for zGR given in Table II is obtained for zGR[N, N ] from the exact solution to Eqs. (1) and (2) under the condition N >> N . It shows that for finite-width, finite-length zGRs, the band gap for the actual values of the length and width is not zero. Thus, zigzag graphene ribbons are not 2D metals. Instead, they are to be considered as semiconductors with the band gap highly sensitive to changes of zGR length aN , or length √ 3aN , or both. The zGR electronic structure near the Fermi level obtained in the k·p approximation [5] has little to do with the above presented results which follow from the exact solution of the spectral problem.
Concluding remarks
We emphasize that the Wallace equation which describes the zone structure of 2D graphite was obtained with the only purpose to classify the parallelogram-like honeycomb lattice in the canonical way of Solid State theory that requires the minimal number of inequivalent atoms (two in the case of graphite) in the elementary cell plus the use of PBC when solving the eigenvalue problem. Literally, the 2D graphite lattice subjected to PBC, as well as its counterparts achiral TORi, do not correspond to any real properly defined object which has been observed and studied experimentally. Therefore, the use of 2D graphite zone structure, the more so, the approximations originating from this model may well lead to partly or completely misleading results. A few of such results have been briefly mentioned in the above discussion.
Long-standing goal to synthesize ordered, carbon based 2D macromolecules is claimed to be becoming the reality [16] . However, as before it is a long way to go [17] . At this stage of development, it is of crucial importance to have at hand a controllable, exactly solvable, and realistic model aimed to describe analytically the electronic spectra of 2D π-conjugated graphene macromolecule and its derivatives. It is shown here that such model, the only one reported thus far, can be expressed in the form of two exact equations (1) and (2) for graphene, while their modifications provide the description of the most extensively studied graphene daughter structures. In one way or another, this instrumental pair of equations has been used for the comprehensive analysis of some problems such as, e.g., electron transmission through graphenebased structures [18, 19] but a large number of others appeal to be addressed on the rigorous basis.
